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ABSTRACT 
We consider a portfol io in an insurance business of  stochastically variable size in time. The port- 
folio is composed of  independent identical contracts, each of  f ixed duration, say one year. The con- 
tract number  process is a general random point process defined by a sequence of  intensities. The 
premium income process is defined as fol lows : for each new contract joining the portfol io, the 
insurer receives the premium C(1 + 77) at the very instant it joins the portfolio. Here c is the expec- 
tation of  the claim amount  for a fixed contract and n is the security loading. Finally, the insurer is 
also supposed to possess an initial risk reserve u. 
Essential differences with the classical actuarial risk model are : 
- the generality of  the involved stochastic processes, 
- the discontinuous, more realistic, character of  the premium income process. 
The tribute to pay for this generality is that it is an almost impossible task to calculate xact ruin 
probabilities. But we can obtain bounds for the ruin probabil ity in infinite or finite time intervals. 
In order to do this, we replace the surplus process by a minimizing surplus process and to the latter 
we apply the martingale argument used by Gerber [4] in the extended form employed by De Vylder 
[21. 
1. DESCRIPTION OF THE MODEL 
We use, as much as possible, the same notations and 
arguments a  in De Vylder [2], but the reader must note 
the different interpretations. See section 7 for relation- 
ships with the model developed in that paper. 
All considered stochastic processes are indexed by the 
continuous time t t> 0. All displayed expectations are 
supposed to exist. 
1.1. The contract number process 
We consider aportfolio composed of independent 
identical contracts, each of fixed duration, say one year. 
The portfolio is empty at the origin t = 0 (however see 
next Remarks). Contracts may join the portfolio at in- 
stants t > 0. The contract number process is the process 
N t = total number of contracts entered in the portfolio 
in the time interval (0,t]. 
We assume that N t is a random point process defined by 
intensities (In fact N t is the corresponding jump process). 
For an intuitive treatment of these processes, ee e.g. 
De Vylder [2] and for more rigorous considerations 
Haezendonck and De Vylder [3]. 
We denote ten = P(Nt=n), (n=0,1,2 .... ;t t> 0) and we 
assume that the process is non-explosive. Of course, the 
latter assumption is always verified in practice. It can 
be translated by the relation 
= 1 (t~>0). n= 0 ten 
Remarks 
- The contracts leave the portfolio after one year, but 
they can of course be renewed. Renewed contracts must 
be considered as completely new contracts. 
- We assumed the contracts to be of fixed duration, 
because this is a current practical situation. In fact, the 
contracts might be of variable duration, depending on 
the contract, and that duration might even be stochastic. 
For instance, in several situations, contracts can be hit 
by one daim at most and they are automatically 
stopped then (e.g. in life insurance, where a person can 
only die once or in case of hrge material damages that 
cannot be repaired in one year). In theory, the dura- 
tion of a contract can always be supposed to be of one 
year, even if in practice it is less. 
- Multiple events, deterministic values for N (say 
t 
(1) F. De Vylder, Universit6 Catholique de Louvain, 1, Place Mon tesquieu, B 1348 Louvainda-Neuve 
(2) M. J. Goovaerts, Kathol ieke Universiteit Leuven, Inst ituut voor Aktuarit le Wetenschappen, De- 
kenstraat 2, B-3000 Leuven, Belgium. 
Journal of Computational and Applied Mathematics, volume 8, no 2, 1982 121 
Nt0 = no, where t o > 0 and n o are given), a non empty 
portfolio at the start (i.e. N O > 0) are situations that 
must be excluded in case of  random point processes Nt 
defined by intensities. In order to apply the results in 
such cases also, it is sufficient o replace the irregular 
situation by a very close situation corresponding to a 
contract number process defined by intensities. For in- 
stance, a double event can be replaced by a couple of 
very close distinct events. Also, if 100 contracts are in 
the portfolio at the start, replace it by an empty port- 
folio and assume that the 100 contracts join it, say in 
the t~trst second. In the same spirit, we note that a 
deterministic point process M t = m (t) can be approach- 
ed, as closely as wanted, by a random point process N t 
defmed by intensities, in the following sense. Given any 
e > 0 and any finite number of instants tk > 0, there 
exists a random point process N t defined by intensities 
satisfying 
P[Ntk = m(tk) ]/> 1-e (for all k). 
Finally, we insist on the fact that N. is generally not 
the total number of  contracts in the p~rtfolio at t'he 
instant t, because contracts that have already left the 
portfolio at t are also taken into account in the definition 
of  N t. 
1.2. The accumulated claim amount process 
Each contract can be hit by 0,1,2 .... claims. Each claim 
is supposed to be settled at the very instant of its 
occurrence. The accumulated claim amount process is 
the stochastic process 
S t = total amount of  claims occurred in the portfolio 
in the time interval (0,t]. 
1.3. The maximized accumulated claim amount process 
Let C k (k= 1,2 .... ) be the total amount of claims for 
the k-th contract in the portfolio. The random variables 
C k are supposed to be i.i.d. (independent and identically 
distributed) and aLso independent from the contract 
number process N t. We define C = C 1, c = E(C). 
The maximized accumulated claim amount process St is 
defined by 
St = C1 +C2+""  +CN t (=0 i fNt=0 ). 
It is the accumulated claim amount process obtained 
when it is assumed (fictitiously) that, for each contract, 
each claim is settled at the very instant the contract 
joins the portfolio. Since claims are then settled sooner 
than they would be in case of  the process S t , we have 
St ~> St" 
1.4. The premium income process 
For each contract, the insurer colhcts the premium 
c (1 +~/), (~ = security loading) at the very instant the 
contract joins the portfolio. 
The premium income process is the stochastic process 
Pt defined by 
Pt = total amount of premiums collected in the time 
interval (0,t] 
= c (1 +~) N t 
1.5. The surplus process 
The surplus process is the stochastic process 
X t = u+ Pt -  St' 
where u/> 0 is the initial risk reserve. We denote by T 
the instant of ruin corresponding to this surplus process. 
If there is no ruin, then T = oo. 
1.6. The minimizing surplus process 
The minimizing surplus process is the stochastic process 
Xt = u + Pt - St ~< Xt'  
obtained from X t by replacement of S t by St" We de- 
note by J? the instant of ruin corresponding to Xt" 
From @ ~< T follows 
P(T~<t) <~ P(~?~< t). 
Therefore, upper bounds for ruin probabilities correspond- 
ing to the process $(t will also be upper bounds corres- 
ponding to X t. 
1.7. The transformed minimizing surplus process 
This is the stochastic process, depending on the para- 
meter a/> 0, 
a~ t -  aP t 
^ 
~a)  = e"aXt e -au  
e 
1.8. A typical trajectory of the surplus process 
c(I,~, 
Lt ! 
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t 
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I 
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Fig. 1. 
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In fig. 1, we illustrate a typical trajectory (= realization) 
of the surpluss process S t. The points t k correspond to 
new contracts. The points s k are claim instants. Here 
ruin occurs at T= s 2. 
Except for comparisons with the classical risk model, 
we do not use the claim number process in this paper. 
By definition, its value at t is the number of s k points in 
C0,t]. 
Note that the figure does not tell whether the claim in 
s I is akin to the contract entered in t I or to that entered 
in t 2. 
2. THE MARTINGALE THEOREM 
We assume that the stochastic processes considered fur- 
ther are defined on a fixed probability space and that 
they are sufficiently regular in order to make valid the 
subsequent application of the martingale theory. 
2.1. Lemma 
3. UPPER BOUNDS FOR THE RUIN PROBABILITIES 
Remember that we automatically assume that E e aC 
exists (finite) when we display that quantity. We assume 
the existence of a positive a such that it is finite indeed 
(but we do not assume that it be finite for all positive a). 
3.1. Theorem 
Let c > 0, u >~ 0, r />  0. 
(i) If P [C> ( l+r/)c]  = 0, then P(T<oo) = 0. 
(ii) I ra> 0 satisfies (1), then 
P(T~<t)~<e -au  ~ Ene aC 
n=0 ena( l+~/)  c" ten. (2) 
(iii) If for a> 0, (1) holds with equality in the last rela- 
tion, then 
P (T< oo)  ~< e -au.  
(iv) If P [C > (1 + */) c] > 0, then there exists an a > 0 
such that (1) holds with equality in the last relation. 
a~t_aP t oo E n eaC 
Ee = ~ n=0 ena( l+r / )  c " ten. 
Demonstration 
^ = a'qt-aPt E e ct (St-Pt) E[E(e /Nt) ]. 
For Nt=n fixed, the difference gt-Pt  becomes 
Cl+ C2+.. .+Cn-c (1+ r/) n = [C l -c( l+r / ) ]+ ~. 
+[Cn-C(l+n)] 
Therefore, because C1 ..... C n are independent and 
distributed as C : 
a~ -av 
E(e t t /Nt=n)  = E n eaC-a (1 -~c .  
Then 
E e a~t-aPt  = E[E Nt e aC-a( l+r / )c ]  
2.2. Theorem 
Let a/> 0 satisfy 
oo > E e aC >/e a(l+~/) c. (1) 
Then ¢/~a) is a submartingale with respect o the two- 
dimensional conditioning stochastic process (gt,Nt). If 
equality holds in the last relation (17, then it is a martin- 
gale. 
Demonstration 
Same argument as in the theorem in 3.2. of  De Vylder 
[2]. 
Demonstration 
(i) IfC~< (l+*/)c a.s. (almost sure) then Sty< Pt a.s., 
Xt >~ 0 a.s. and the probability of ruin is zero in the 
minimizing surplus process and, ~ fortiori, in the original 
surplus process. 
(ii) Identical argument as in De Vylder [2], theorem in 
4.2. In fact, the result is a direct application of the 
lemma and theorem in section 2 and the beautiful mar- 
tingale theorem on optional stopping by DOOB. 
(iii) Under the indicated assumptions, it results from (ii) 
that P (T ~< t)<~ e -au,  because then the sum of the series 
in the last member of (2) equals 1. That is true for aU t 
and the result follows. 
(iv) We have to prove the existence of a positive a such 
that 
f(a) = E ea[C- ( l+n)c l  = 1, 
where the first relation defines f. If E e rt0 C< oo (a 0 > 0), 
it is easily justified that f has derivatives of all orders 
for 0 ~< a< a 0 and that we can take them under the E 
operator. Here we find f(0) = 1, f'(0) = - r / c< 0 and it 
is sufficient o prove that f(a) ~ oo for a -* oo.  
Let C be def'med on the probability space I2 tHere it 
can be supposed to be R). By the assumptions, the set 
E in  ~2, 
E = {60/eC(W)-(l+r~)c> 1} = {t0/C(co)> ( l+n)c} 
has a positive P-measure. Then, by the monotone con- 
vergence theorem 
/E[e C (6o)- ( l+n)  c] a dP (60) "~ oo (3) 
when a -~ oo. tin fact, it is sufficient o let a ~ a0, where 
a 0 is the "radius of convergence", possibly inf'mite, of 
E(eaC), but we do not discuss this topic here). On the 
other side, the integration on the complement of E of 
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the function appearing under the integral sign in (3) 
furnishes a nonnegative quantity. It follows that f (a)- ,oo.  
4. BOUNDS PARTIALLY INDEPENDENT FROM THE 
CONTRACT NUMBER PROCESS IN CASE OF A 
FINITE PLANNING HORIZON 
4.1. Assumption 
Let t, n be fixed. The assumption of  no more than n con- 
tracts in [0,t], i.e. Nt~ n, can be translated by 
0 = ten+l  = ten+2 = ... (4) 
Except in the trivial case where the parameter of the 
process is zero, this assumption is not compatible with 
the usual Poisson process and that is probably why it 
seems not yet to have been introduced in risk theory. 
But it is easily compatible with processes defined by 
general intensities. Moreover, it is a most natural assump- 
tion, especially in the risk model of this paper, where 
the contract number process replaces the more current 
claim number process. Indeed, roughly speaking, the 
contract number process is less stochastic than the claim 
number process. For given t, a good corresponding value 
for n can often be predicted. 
4.2. Theorem 
Under the assumption of  no more than n contracts in 
[0,t], 
p(T~< tT~< c-aU l Ee  aC I n 
[ea( l+n)  cj :, (5) 
for all a > 0 such that the factor in square brackets in 
(5) equals at least 1. 
Demonstration 
The condition on the factor, say r, in square brackets in 
(5 7 is equivalent to (1). Then, by 3.1 (ii) and the assump- 
tion of no more than n contracts in [0,t] : 
P (T<t )<e -au  ~ r k e-aU ~ r n 
k=0 tek~< k=0 tek 
e -O~u r n. 
5. CONNEXIONS WITH THE CLASSICAL ACTUARIAL 
RISK MODEL 
For simplicity, we restrict he discussion in this section 
to the case of  an in£mite planning horizon and the com-  
parison of  the exponential bound e -au  indicated in 3.1 
(iii) with the corresponding bound, say e -a 'u ,  in classical 
risk theory. 
5.1. Irrelevancy of  the contract and claim number pro -  
cesses  
From De Vylder [2] and the present paper, it is clear 
that these processes are completely irrelevant here. In 
connexion with this fact, BO3almann & Gerber [1] is 
most interesting. So we can focus our attention on 
claim costs only. 
5.2. Reminders from the classical actuarial risk model 
In this classical model (with continuous premium in- 
come), the well-known exponential bound for ruin is 
e -a 'u  where a" is the positive root of 
E e ¢C, = 1 +a(1  +7?7 c', (67 
but now C" is the conditional individual cost given that 
there indeed occurs a claim. In (67, c' = E(C'). We de- 
note by Fc,(X ) (= 0 for x< 0) the distribution func- 
tion of C'. It is assumed that E e aC ,  is finite for at 
least one positive a. 
5.8. Comparison of the bo~mds 
Let us now turn back to the model of this paper. Until 
section 7, we also assume that each contract can be hit 
by one claim at most. Let 0< p <~ 1 (p=0 only leads to 
trivialities 7be the probability of a claim per contract. 
The distribution functions FC, FCr of C, C • are connect- 
ed by the relation 
Fc(X ) = q+p Fc•(X 7 (=0 fo rx< 0), 
where q = 1-p  and where we also assumed that C, 
C" > 0. The possible jump at the origin is important 
for the relation 
E e aC = q+ p E e aC' .  
We have c = pc' and a in our bound e -au  is a root of 
E e aC = e a(l+~?)c 
q+p E e aC" = ea( l+r / )P  c" 
E e aC• = l+a( l+~/ )pc '  +1a2 ( l+r /72p2c'2+. . .  q+p 
E e ac ,  = l+a0 +n)c" + g(a), (7) 
where 
oo 1 npn- l c ,n~ 0" g(aT= ~ an (1+W7 (8) 
n=2 n, 
Of course, in this discussion we assume that we are in 
case (iv) of the theorem in 3.1, because otherwise there 
is no problem. Then we have the following 
Theorem 
I fa ' ,  a are positive roots of (6 7, (7) respectively, then 
e -aU< e-a  u (i.e., from a practical point of view, the 
bound e -au  is more satisfactory than the classical 
bound e-a 'u. )  
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Demonstration 
The demonstration is immediate from the drawing of 
the curves representing the functions 
f l (a)  = Ee  aC',  f2 (a )= l+a( l+r / )c ' ,  
f3 Ca) = l+a( l+r~)c"  + g(a) 
and the observation of the following relations :
fl (0) = f2 (0) = f3 (0), f~ (0)<~ f~ (07 = f~ (0), 
f2 Ca) < f3 (aT for a > 0. 
Indeed(it is clear then that a '<  a, where a', a are 
positive roots of (6), (7) respectively. See fig. 2. 
5.4. Case of small p 
From (8) it results that g(a) tends to zero with p. Then 
(77 becomes identical with (6) and we conclude :
The bounds e -a  u, e-aU are approximately equal for 
small p. 
This result can be re-interpreted. Indeed, instead of one- 
year contracts, we can imagine very short period con- 
tracts. This leaves the conditional individual cost C • un- 
changed, but makes p small. Thus, we recover the 
classical bound. A bit of  thought shows that, in this case, 
our model comes dose to the classical model and we 
have a most satisfactory explanation. 
a is the positive root of the equation 
q+lP_a = ea(l+nTv. 
Numerical values corresponding to different 17, u, p are 
given in Table 1. 
Table 1. Comparison of the classical bound e -a  u (last 
column) with the bound e -au  (column no. 4) 
in 3.1 (iii) 
p ~/ u 
0.1 0.01 400 
0.1 0.05 80 
0.1 0.1 40 
0.1 0.2 25 
0.1 0.5 12 
0.5 0.01 400 
0.5 0.05 80 
0.5 0.1 40 
0.5 0.2 25 
0.5 0.5 12 
1 0.01 400 
1 0.05 80 
1 0.1 40 
1 0.2 25 
1 0.5 12 
e-aU e-a'u 
0.015 0.019 
0.018 0.022 
0.022 0.026 
0.012 0.016 
0.015 0.018 
0.0051 0.019 
0.0063 0.022 
O.OO8O 0.026 
0.0040 0.016 
0.0053 0.018 
0.00037 0.019 
0.00056 0.022 
0.00087 0.026 
0.00039 0.016 
0.00091 0.018 
Fig. 2. 
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6. NUMERICAL ILLUSTRATIONS 
6.1. Infmite planning horizon 
We take Fc,(X ) = 1-e -x.  Then E(C') = 1, 
E e aC '  = 1/(1-a). The classical exponential bound 
equals e -a 'u ,  where a" = ~//(1+~). I fp  is the probability 
for a claim per contract and q = l -p ,  then the exponen- 
vial bound for the risk model ha this paper is e -au ,  where 
6.2. Finite planning horizon 
We consider a constant portfolio composed of 100 
contracts, observed uring 5 years. The distribution 
function of a conditional individual cost is 
Fc,(X ) = 1-e  -x  and the probability of a (unique) 
claim per year is 0.2. For u = 50, ~7 = 0.05, we find by 
(57: 
[1-v+l_-~a 5°° 
P (T~< 5) ~< e -au  | e a ~  (9) 
provided the square brackets be 1 at least. Indeed, 
N5_ 0 = 5 X 100 = 500, 
according to our general definitions. 
For a = 0.21, the square brackets in (9) equal 1.0077 
and we obtain p(T~< 5) ~< 0.0013. 
In the dassical risk model, we argue as follows. We 
assume that the claim number process is closely enough 
approached by a Poisson process. The expected number 
of claims per year equals (0.27 X (100) = 20. This will 
be the parameter of our Poisson process to be observed 
for ruin during 5 years. It amounts to the same to observe 
a Poisson process with parameter 1 during 20 X 5 = 100 
years. Then, with the same value as above for the 
security loading and the initial risk reserve, Gerber [4] 
finds the bound P(T~< 5) ~< 0.002. 
Finally, we observe that in case of the indicated values, 
the classical exponential bound corresponding to an 
infinite planning horizon equals 0.092. Compared with 
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this number, our 0.0013 may indeed be called an im- 
provement. 
7. RELATIONSHIPS BETWEEN MODELS 
The essential dement of  the developed model is the sto- 
chastic process 
~t-Pt = Z I+Z2+. . .  ÷ZNt,  
where Z n = Cn-c( l+7? ) (n=1,2,...). This Z n can be 
interpreted as the n-th claim cost in the model consider- 
ed by De Vylder [2] and our contract number process 
can be interpreted as the claim number process of  that 
paper. With these interpretations the main results of  
sections 2 and 3 are particular cases of those in the 
earlier paper. 
Another remark concerns the comparison with the 
classical actuarial risk model made in sections 5 and 6. 
There we consider two different heoretical models for 
the same practical situation. From the mathematical 
point of  view this comparison is hardly sensible. The 
point is that the new model is closer to reality and that 
it provides lower bounds on the ruin probabilities than 
the classical one. Accordingly, the new model can be a 
better guide for practical decisions. 
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